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RECENT synoptic of Jankovic! announced six theorems

concerning derivatives with respect to a scalar parameter
« of the eigenvalues A and normalized eigenvectors x of the
nonlinear eigenvalue problem

AN Nx =0 1)
with the normalizing condition
xIK@@Nx =1 2)

Here A(w,\) and K(x,\) are n X n matrices and x is the
complex conjugate transpose of x. However, Example 1, given
later in this Comment, shows that his first four theorems, and
his Eq. (13) from which they are deduced, are not true in
general, even in the linear case.

Assumptions stated in Ref. 1 are (i) A is an unrepeated
eigenvalue, (ii) X (,\) is positive definite hermitian, (iii) = is
real-valued, and (iv) all required derivatives exist. Let the
subscripts w and A\ denote partial derivatives with respect to =
and N respectively, and let the superscript (1) denote the nth
total derivative with respect to w. Define « = xTK\x and
8 =x%K,x. The first four theorems in Ref. 1 can now be
stated as follows:

“If o = 0 then
— (A4 )My = N+ Dy, n = 0,1,... 3)
A = — XTK(AT'A)Vx, n =1,2,... @
XM= — (Bx)"-V/2, n =1,2,... ®
and
AC=Bx® =0 k =0,1,...,n, n =1,2,...7 (6)
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Example 1: Let K(w,\) = I (the identity) and

1-2
A(”’)‘)Z{ 1 wix}

In this case a=f8=0 and, when = # — 1, assumptions
(i) — (iv) are satisfied. For all =, A =0 is an eigenvalue with
corresponding eigenvector x = (1 + 7%~ "(w, — 1), so that
AD =0, For this eigenvalue, when n = 0, the left hand side
(LHS) of Eq. 3) is — (1 + 7%~ *(1,1)" # 0 = right hand side
(RHS). When n =1, the LHS of Eq. 4) is 0 #(1—w)/
(1 + 7?) (in general) = RHS, while the LHS of Eq. (5) is
1+ 7)~¥2(1,m)f # 0=RHS. When z =1 and k =0 the LHS
of Eq. (6) is —(1+7?)~" (1,1)" # 0 = RHS. The proofs in
Jankovic’s full paper are by induction and require Egs. (3)-(6)
to be true for these low values of n.

If (PAx), in Jankovic’s Theorem VI is replaced by (PA,x),
his Theorems V and VI, which give results when « # 0, appear
to be true whenever his Eq. (7) is true, i.e. whenever x"Kxy is
real. However, as is already known,? (total) differentiation of
Eq. (1) with respect to = and premultiplication by the corre-
sponding left eigenvector, y, of A(x,\) shows that

A = —yTA4 x/yTAx )

provided only that y74,x # 0. This generalization of the clas-
sical result for the linear case®* is often simpler to use than
Theorem V of Ref. 1 and does not require o # 0 or x"Kxg real.
(This equation has been derived independently by Jankovic in
a somewhat different manner in an unpublished work.%) In
Eq. (4) of Ref. 1, Ay should be A,. Computation of higher
derivatives of A by differentiating Eq. (7) requires derivatives
of eigenvectors.

The problem addressed by Jankovic is important in applica-
tions. Recent work on the linear case has produced analytical
solutions®®, numerical techniques'®!! and background the--
ory,'? but much work remains.
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Reply by the Author to A. L. Andrew
and K.-W. E. Chu

M. S. Jankovic*
Universe Enterprises Ltd.,
Calgary, Alberta, Canada

N my original published paper’ there were several obvious
typographical mistakes that the authors of the Technical
Comment have correctly identified. These are as follows:

Ay in Eq. (4) should be replaced by A,, which is obvious
from Eq. (3) and (5); (P Ax), in Theorem VI should be
replaced by (P Ax), in Theorem VI should be replaced by (P
A.;x) as can be seen from Eq. (15). The definition of the
matrix P is missing in the paper and is given further below.

It is true that the Theorems I to IV are not valid in general
for & = 0 and their general validity was nowhere stated. They
were derived under the assumption that xg= — 8x/2 [Eq. (13)]
which is not true in general. But, regardless of the value of 3,
Theorems 1, II, III and IV are valid if the above assumption is
valid; that is if the eigenvector derivative xp is proportional to
the eigenvector itself in which case Axy = 0 (Apgx = 0). There-
fore, for the example given by the authors, Theorems I to IV
do apply for the second eigenvalue A = 7w + 1 only. The au-
thors failed to mention this. Thus, from Theorem II

Mi=xT A.x

~ewf 1))
= (x1x2) o 1]\
=x22<2(—1+1>

X2

1

a1 AN—m+1)
and finally Ay = 1. Also from Theorem I, xy = 0.

However, Theorems V and VI for « # 0 not only appear to
be true when x1Kxp is real, as stated by Andrew and Chu, but
are indeed true when x{Kxy is complex also. Since Andrew
and Chu did not include a counter example to disprove Theo-
rems V and VI, I am including a nonlinear example 1), which
supports their validity, for a complex matrix 4 with complex
eigenvalues and eigenvectors and complex xTKxg.
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First let me restate Theorems V and VI for completeness.

Theorem V: For a nonlinear eigenvalue problem previously
defined, and for « # 0, the nth derivative of the eigenvalue A\
with respect to the parameter = is

pa.\ Je-»
A = 2|:xTK< 7r)x}
a

Theorem VI: For a nonlinear eigenvalue problem previously
defined, and for « # 0, the nth derivative of the eigenvector
x with respect to the parameter = is

(n—1
x(n) — —(PATX)(""I) - (B_X)__)
2

where
P=(A-2A4xxtK)"!

is assumed to exist which is for A, # 0.

Example 1:
Let
c N —7\
a 1
where
A = complex eigenvalue
T = real parameter
a,b,c = complex constants,
and
k A
K =
Ak
= arbitrary Hermitian matrix
where

k = real constants,
A* = complex conjugate of A.

The problem is to find the derivatives of eigenvalue Ay and
eigenvector xy for a nonlinear eigenvalue problem

Ax =0
xtKx =1

From
det A=cN—ah—ab=0
we find by implicit differentiation

A

ANi=——
T 2en—7n

and for the eigenvector x

=[] =0 L) o
X " —al 7' [k + a*(ka — N*) — Aa]?

the derivatives, calculated by direct differentiation, are

1 1 -
X =3 XP @My + a*ND; Xom = —3 X3 (a®\g + la I2\y).



